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Abstract The basis space in the triaxial projected shell
model (TPSM) approach is generalized for odd-odd nuclei
to include two-neutron and two-proton configurations on
the basic one-neutron coupled to one-proton quasiparticle
state. The generalization allows to investigate odd-odd nu-
clei beyond the band crossing region and as a first applica-
tion of this development, high-spin band structures recently
observed in odd-odd 194−200Tl isotopes are investigated. In
some of these isotopes, the doublet band structures observed
after the band crossing have been conjuctured to arise from
the spontaneous breaking of the chiral symmetry. The driv-
ing configuration of the chiral symmetry in these odd-odd
isotopes is one-proton and three-neutrons rather than the
basic one-proton and one-neutron as already observed in
many other nuclei. It is demonstrated using the TPSM ap-
proach that energy differences of the doublet bands in 194Tl
and 198Tl are, indeed, small. However, the differences in the
calculated transition probabilities are somewhat larger than
what is expected in the chiral symmetry limit. Experimental
data on the transition probabilities is needed to shed light on
the chiral nature of the doublet bands.
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1 Introduction
High-spin spectroscopy has played a pivotal role to unravel
the structure of atomic nuclei at high angular momentum
and excitation energy [1]. The advancements in the spectro-
scopic techniques have allowed to probe the properties of
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nuclei in regions that were hitherto inaccessible. The band
structures have been identified up to very high angular mo-
mentm and excitation energy and data has revealed interest-
ing phase and shape transitions [2]. In odd-odd nuclei, the
energy spectrum is quite rich as compared to even-even and
odd-mass nuclei due to extra neutron-proton coupling. Re-
cently, in odd-odd 194−200Tl isotopes, band structures have
been populated beyond the first band crossing and it has
been spectulated that near degeneracy of the yrast and the
side band energies, observed in some of these isotopes, may
be a consequence of the chiral symmetry breaking mecha-
nism [3,4,5,6]. In these isotopes, band structures have one-
proton and three-neutron, pih9/2 ⊗ ν i−313/2 configuration at
higher spins and one-proton and one-neutron, pih9/2⊗ν i−113/2
configuration at lower spins.
Chiral symmetry has been studied quite extensively in
triaxial deformed nuclei [7,8,9,10]. In the original work,
the chiral symmetry mechanism was proposed for odd-
odd nuclei with the angular-momentum of the odd-proton
and odd-neutron aligned towards short- and long-axis, and
the angular-momentum of the deformed core projected to-
wards the intermediate axis [11]. As the clock-wise and the
counter clock-wise rotation of the three orthogonal vectors
are equivalent, this results into doublet band structures with
identical spectroscopic properties. Doublet bands with simi-
lar properties have been observed in several mass regions of
the periodic table [12,13,14,15,16], including the A∼ 80 re-
gion in recent works[17,18,19]. Chiral symmetry breaking
has also been proposed in odd-mass [16,20] and even-even
nuclei [21]. Theoretically, several nuclear models have been
employed to investigate the chiral symmetry breaking mech-
anism, which include both microscopic and phenomenologi-
cal models [22,23,24,25,26]. Triaxial projected shell model
(TPSM) approach, a semi-microscopic model, has been used
to elucidate the band structures in deformed and transitional
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2nuclei [27]. It has been demonstrated that the properties of
the observed doublet bands are reproduced quite success-
fully using the TPSM approach [28]. The advantage of the
TPSM approach is that computational needs are quite mod-
est and it is possible to perform systematic studies in a rea-
sonable time frame. As a matter of fact several systematic
studies have been performed using the TPSM approach [29,
30,31,32,33].
For odd-odd nuclei, the basis space in the TPSM ap-
proach is composed of one-neutron coupled to one-proton
quasiparticle configurations [28]. This basis space is obvi-
ously quite restrictive and allows to study only low-lying
states in odd-odd nuclei. To study high-spin states in odd-
odd nuclei, around and beyond the band crossing, it is im-
perative to include two-neutron and two-proton states cou-
pled to the basic one-neutron plus one-proton states. This
extension of the model space will allow to probe the high-
spin band structures beyond the first band crossing. In the
present work, the model space has been expanded to include
two-neutron and two-proton quasiparticle configuration over
the primary one-proton plus one-neutron configuration. As
a first application of this development, the properties of the
observed band structures in odd-odd 194−200Tl nuclei are in-
vestigated. In these isotopes, doublet band structures, ob-
served above first band crossing having four-quasiparticle
configuration, are predicted to originate from the chiral sym-
metry breaking mechanism. These shall be first examples of
the manifestation of chiral symmetry in odd-odd with four-
quasiparticle structures. In all earlier studies of odd-odd nu-
clei, chiral bands have been identified with one-proton and
one-neutron configuration. The present work is organised in
the following manner. In the next section, the TPSM ap-
proach is presented with the expanded model space. In sec-
tion III, the results are presented and discussed. Finally, the
present work is summarized and concluded in section IV.
2 Triaxial Projected Shell Model Approach
In recent years, the triaxial projected shell model approach
has been shown to reproduce the properties of deformed
odd-odd nuclei quite well. In the earlier version, the ba-
sis space for odd-odd nuclei was composed of one-neutron
coupled to one-proton only [28]. In the present work, the
basis space is generalized to include two-neutron and two-
proton quasiparticle configurations coupled to the basic one-
neutron⊗ one-proton configuration. The generalized TPSM
basis space is given by :
PˆIMK a
†
ν1a
†
pi1 |Φ> ;
PˆIMK a
†
ν1a
†
ν2a
†
ν3a
†
pi1 |Φ> ;
PˆIMK a
†
ν1a
†
pi1a
†
pi2a
†
pi3 |Φ>,
(1)
where PIMK is the three-dimensional angular-momentum-
projection operator [34]. The triaxial quasi-particle (qp) vac-
uum configuration, |Φ> , in Eq. (1) is constructed through
diagonalization of the deformed Nilsson Hamiltonian and a
subsequent BCS calculations. This provides the triaxial qp-
basis in the present model.
The intrinsic states generated from the deformed Nils-
son calculations don’t conserve rotational symmetry. To re-
store this symmetry, three-dimensional angular-momentum
projection technique is applied. From each intrinsic state, a
band is generated through projection technique as discussed
in Refs. [35,36]. The interaction between different bands
with a given spin is taken into account by diagonalising the
shell model Hamiltonian in the projected basis. The Hamil-
tonian used in the present work is given by
Hˆ = Hˆ0− 12χ∑µ
Qˆ†µ Qˆµ −GMPˆ†Pˆ−GQ∑
µ
Pˆ†µ Pˆµ , (2)
with the corresponding mean-field (triaxial Nilsson) Hamil-
tonian
HˆN = Hˆ0− 23 h¯ω
{
β cosγ Qˆ0+β sinγ
Qˆ+2+ Qˆ−2√
2
}
, (3)
In the above equations, Hˆ0 is the spherical single-particle
Nilsson Hamiltonian [37]. The parameters of the Nilsson po-
tential are fitted to a broad range of nuclear properties and is
employed as a mean-field potential. The QQ-force strength,
χ , in Eq. (2) is adjusted such that the physical quadrupole
deformation β is obtained as a result of the self-consistent
mean-field HFB condition. The relation is given by [38]:
χττ ′ =
2
3ε h¯ωτ h¯ωτ ′
h¯ωn
〈
Qˆ0
〉
n+ h¯ωp
〈
Qˆ0
〉
p
, (4)
where ωτ = ω0aτ , with h¯ω0 = 41.4678A−
1
3 MeV, and the
isospin-dependence factor aτ is defined as
aτ =
[
1± N−Z
A
] 1
3
, (5)
with+ (−) for τ = neutron (proton). It is to be noted that the
strengths in the TPSM are fixed as in the original projected
shell model approach with axial symmetry. The monopole
pairing strength GM (in MeV) is of the standard formas:
GM =
(
G1∓G2N−ZA
)
1
A
(MeV), (6)
where −(+) sign applies to neutrons (protons). In the
present calculations, the pairing strength parameters, G1 =
20.12 and G2 = 13.13, are adopted so that the observed odd-
even mass differences are reproduced with the model space
of three active shells for neutrons and protons. The active
shells considered are N = 3,4,5 for protons N = 4,5,6 for
neutrons. The Nillson parameters κ and µ for the major har-
monic oscillator shells have been adopted from Zhang et al.
[39] for the present set of calculations, and are listed in Ta-
ble 1. The quadrupole pairing strength GQ is assumed to be
3Table 1 Set of Nilsson parameters used in the present calculation for
odd-odd 194−200Tl-isotopes.
Major Shell (N) κpi µpi κν µν
3 0.090 0.300 - -
4 0.065 0.570 0.070 0.390
5 0.060 0.540 0.062 0.430
6 - - 0.062 0.340
Table 2 The deformation parameters (β ,γ) employed in the calcula-
tion for odd-odd 194−200Tl-isotopes. The deformation parameters have
been taken from Refs. [3,4,5,6].
194Tl 196Tl 198Tl 200Tl
β 0.178 0.168 0.157 0.157
γ 30 29 31 34
proportional to GM and the proportionality constant being
fixed as 0.16. These parameters are similar to those used in
the earlier studies [29,30].
In the present study, we have also evaluated the transi-
tion probabilities using the TPSM wavefunctions. The re-
duced electric quadrupole transition probability B(E2) from
an initial state (σi, Ii) to a final state (σ f , I f ) is given by [40]
B(E2, Ii→ I f ) = e
2
2Ii+1
| <σ f , I f ||Qˆ2||σi, Ii> |2. (7)
In the calculations, we have used the effective charges
of 1.6e for protons and 0.6e for neutrons. The reduced
magnetic dipole transition probability B(M1) is computed
through
B(M1, Ii→ I f ) = µ
2
N
2Ii+1
| <σ f , I f ||Mˆ1||σi, Ii> |2, (8)
where the magnetic dipole operator is defined as
Mˆ τ1 = g
τ
l jˆ
τ +(gτs −gτl )sˆτ . (9)
Here, τ is either ν or pi , and gl and gs are the orbital and
the spin gyromagnetic factors, respectively. In the calcula-
tions we use for gl the free values and for gs the free values
damped by 0.85 factor, i.e.,
gpil = 1, g
ν
l = 0, g
pi
s = 5.586×0.85,
gνs =−3.826×0.85. (10)
The reduced matrix element of an operator Oˆ (Oˆ is either Qˆ
or Mˆ ) is given by
<σ f , I f ||OˆL||σi, Ii>= ∑
κi,κ f
f σiIiκi f
σ f
I f κ f
× ∑
Mi,M f ,M
(−)I f−M f
(
I f L Ii
−M f M Mi
)
× <φκ f |Pˆ
I f
Kκ f M f
OˆLMPˆ
Ii
KκiMi
|φκi > . (11)
3 Results and Discussions
TPSM calculations have been performed for odd-odd
194−200Tl isotopes with the deformation parameters listed in
Table 2. The axial and non-axial deformation values have
been adopted from [3,4,5,6]. Quasiparticle states are gen-
erated with these deformation values by performing Nils-
son plus BCS calculations. The quasiparticle configurations
close to the Fermi surface for each system are then pro-
jected onto states with good angular momentum by perform-
ing three-dimensional angular momentum projection [34].
As an illustrative example, the lowest projected bands are
displayed in Fig. 1 for 194Tl. For other three isotopes, the
projected bands have a similar behaviour and are not dis-
cussed. The ground state band for 194Tl in Fig. 1 is the
projected band with K=4 from one-proton coupled to one-
neutron quasiparticle configuration having quasiparticle en-
ergy of 1.9 MeV. This two quasiparticle configuration is
crossed at I=16 by two-neutron aligned state coupled to one-
proton ⊗one-neutron configuration having K=4 with quasi-
particle energy of 3.5 MeV.
The lowest projected bands, shown in Fig. 1, and many
more bands close to the Fermi surface, which are about
40 for each nucleus, are then used to diagonalize the shell
model Hamiltonian of Eq. 2. The calculated lowest two
bands, referred to as yrast and the side-bands, are displayed
in Fig. 2 for the studied Tl isotopes. The available experi-
mental data is also shown in the figure for comparison. For
194Tl, the data for both the bands is available up to quite
high spin and it is evident from Fig. 2 that TPSM calcula-
tions reproduce the experimental results reasonably well. It
is noted that deviation for the highest observed I=24 state
is only about 100 keV. The two observed bands have sim-
ilar excitation energies and have been proposed as a result
of the chiral breaking machanism. This shall be discussed
in the following when analysing the differences in energies
and transition probabilities of the two bands in detail.
For 196Tl, the calculated yrast band is in good agreement
with the experimental data with the maximum deviation for
I=20 state being 235 keV. The side band has not been ob-
served for this system and it is evident from the TPSM re-
sults that the predicted side band deviates from the yrast
band quite substantially as compared to 194Tl. In the case of
198Tl, shown in Fig. 2, yrast band is observed up to I=20 and
the side band only up to I=14. The TPSM calculations are
again noted to reproduce the data quite well up to the highest
observed spin. It is noted from the TPSM results that energy
difference of the two bands tend to decrease somewhat with
increasing spin. The yrast band in 200Tl is observed up to
I=22 and only three states have been populated for the side
band. TPSM results reproduce the data fairly well.
To probe the crossing features of the observed band
structures, the aligned angular momentum (ix) for the yrast
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Fig. 1 (Color online) TPSM projected energies, before band mixing, of negative parity states for 194Tl. Bands are labelled by (K,#) that designate
the states with K quantum number and # the number of quasiparticles. For instance, (1,1n1p), (2,1n1p) (3,1n1p), (4,1n1p) correspond to the
K = 1,2,3,4 one-neutron coupled to one-proton quasiparticle state. The value of α , shown in y-axis, is defined as α = 32.32A−5/3.
and the side bands are displayed in Figs. 3 and 4. It is ap-
parent from the results that TPSM calculations are in good
agreement with the calculated values from the experimental
data. In all the studied Tl-isotopes, the crossing is observed
around 0.3h¯ω and is due the alignment of two-neutrons.
This is evident from Fig. 1 with the configuration having
two-neutron coupled to one-proton ⊗ one-neutron crossing
the ground-state band.
Further, deformed odd-odd nuclei in most of the regions
of the periodic table are known to depict signature inversion
in the low-spin regime. Considerable efforts have been de-
voted to understand the nature of the signature inversion. It
has been demonstrated that residual neutron-proton interac-
tion and triaxility can lead to signature inversion [41]. To
analyze whether TPSM calculations are able to reproduce it,
the energy staggering defined by S(I) = [E(I)−E(I−1)](2I) for the
yrast bands are shown in Fig. 5. It is noted from the figure
that TPSM appoach is able to reproduce the observed signa-
ture inversion in 194Tl without introducing any residual in-
teraction. In other studies [3,4,5,6], additional J-dependent
neutron-proton interaction has been introduced to reproduce
the signature inversion. For other Tl-isotopes, it is seen that
TPSM results depicit a little delayed inversion point. How-
ever, the magnitude of the signature splitting is reproduced
fairly well for the intermediate spin values and some devi-
ation is noted at high spin for 194Tl. The delayed signature
inversion in 196−200Tl isotopes needs further studies and in
future we are planning to perform a detailed analysis of the
signature inversion in this mass region and other regions us-
ing the TPSM approach.
In the present work, we have also performed a detailed
investigation of the transition probabilities for the studied
four Tl-isotopes. The effective charges used and other rele-
vant information have been presented in section II. The cal-
culated B(E2) and B(M1) transitions are displayed in Figs. 6
and 7, respectively. Unfortunately, except for 194Tl, there is
no experimental data to compare with and we hope that data
shall become available in the near future.
The data for the B(M1)/B(E2) ratios is available for
some bands and are depicted in Figs. 8 and 9 with the cal-
culated TPSM values. For 194Tl, ratios are available for both
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Fig. 2 (Color online) Comparison of experimental and the TPSM calculated energies for 194,196,198,200Tl isotopes. Experimental results are from
Refs. [3,4,5,6].
the yrast and the side band, and it is seen from the results
that TPSM reproduces the measured ratios quite well, ex-
cept at I=23 for the yrast and at I=14 for the side band. The
experimental ratios are not available for 196Tl and the TPSM
ratios depicit similar behaviour as that for 194Tl. The ratios
available for 198Tl, shown in Fig. 9, are again noted to be
in good agreement with the predicted values. The calculated
TPSM ratios for 200Tl are seen to deviate considerably from
the experimental ratios at high spin. The experimental num-
bers depicit a considerable drop with spin which is not ob-
served in the TPSM values. The reason for this discrepancy
could be due to fixed mean-field employed in the TPSM ap-
proach for all the calculated spin values, which obviously is
unrealistic.
Though difficult to measure experimentally, we have cal-
culated, using the TPSM wavefunctions, transitions between
the doublet bands and the corresponding mixing ratios, and
are displayed in Figs. 10 and 11, respectively. It has been
shown in a model study [8] that these transitions follow
special selection rules for nuclei exibiting chiral geome-
try. In Fig. 10, it is evident that inter-band B(M1, I → I)
and B(M1, I → I− 1) transitions have opposite phases for
194,196Tl-isotopes, which has been predicted in the model
study as one of the characteristic features of the chiral sym-
metry. It is noted that mixing ratios are also measured [42]
for chiral bands as M1 and E2 transitions compete and are
provided in Fig. 11 for comparisons with future experimen-
tal measurements.
As mentioned in the introduction, it has been speculated
[3,4,5,6] that the doublet band structures observed in Tl-
isotopes could be a result of the chiral symmetry breaking
mechanism. Chiral symmetry has been identified in many
66
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of the regions of the periodic table and occurs in triaxially
deformed systems with the angular momentum of valence
protons, valence neutrons, and that of the core aligned along
three orthogonal axis of the rotating nucleus. This leads to
doublet bands with identical spectroscopic properties. In or-
der to investigate the possibility of chiral symmetry break-
ing as the underpinning mechanism behind the emergence
of doublet bands in Tl-isotopes, we have evaluated the theo-
retical and experimental differences of the energies and the
transition probabilities between the doublet bands in each of
the three isotopes. The difference in the transition probabil-
ities is defined as [43]
δ (λµ; Ii) =
A−B
A+B
, (12)
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Refs. [4,6].
where,
A=
√
(2Ii+1)Byrast(λµ; Ii→ I),
B=
√
(2Ii+1)Bside(λµ; Ii→ I).
It is expected that in the chiral symmetry breaking limit,
the differences of the calculated propreties for the doublet
bands should tend to zero. The differences in the level en-
ergies [δE], BE2 [δE(2)] and BM1 [δM(1)] are shown in
Figs. 12, 13 and 14, respectively. For 194Tl, both TPSM and
the experimental δ (E) tend to zero with increasing spin, in
particular, after the band crossing at I=18. It has been postu-
lated in the earlier work that four-quasiparticle band struc-
tures, observed after the band crossing, could be the can-
didate chiral bands [4]. It is evident from Fig. 12 that for
194Tl, δ (E) does, indeed, tend to zero. For other studied Tl-
isotopes, the side bands have not been observed after the
band crossing. However, the TPSM calculated differences
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indicate that 198Tl could possibly be another candidate of
chiral symmetry breaking. In the case of 196Tl and 200Tl iso-
topes, the calculated δ (E), as a matter of fact, diverges af-
ter the bandcrossing and, therefore, chiral symmetry can be
ruled out for these two isotopes. However, we would like to
caution that these differences could also be an artifact of the
model calculations and more experimental and theoretical
studies are required to make firm conclusions.
The calculated differences in the transition probabilities,
shown in Figs. 13 and 14, although small in all the cases, but
tend to deviate for high spin states in 194Tl, 196Tl and 198Tl
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Fig. 13 (Color online) TPSM calculated values of δ (E2) as a function
of spin.
isotopes. For 200Tl, the deviations somewhat oscillate about
the dashed zero line. In the chiral limit, these deviations are
expected to approach zero with spin.
In a more recent experimental work [46], another neg-
ative parity dipole band has been reported along with the
previously known two chiral partner bands. The measured
transition probabilities reported in this work provide some
details on the nature of the third observed band. This band
has also been assigned to be built on the pih9/2⊗ν i−313/2 con-
figuration, similar to the other two observed bands. Many
particle rotor model (MPRM) calculations [46] suggest that
the band 3 could be one partner of the second chiral pair
bands in 194Tl. The results of the MPRM model predict that
the yrare partner of the first chiral pair and the both the bands
of the second chiral pair have almost similar excitation ener-
gies. This predicted near degeneracy and the fact that these
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Fig. 14 (Color online) TPSM calculated values of δ (M1) as a function
of spin.
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value of α , shown in y-axis, is defined as α = 32.32A−5/3.
bands are weakly populated, being non-yrast, could be the
reason that the partner band of the second chiral pair has not
been observed experimentally.
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The energies of the lowest four bands using the TPSM
approach for the odd-odd Tl-isotopes studied in this work
are depicted in Fig. 15. It is evident from these results that
third and fourth bands are close on energy and could be due
to the second chiral pair as predicted in MPRM study [46].
However, it is known that in odd-odd nuclei density of states
is higher and the near degeneracy of the bands could just be
as a results of it. In order to shed some light on the nature
of the third observed band in 194Tl, the alignments of the
four bands, calculated using the TPSM approach, are com-
pared with those deduced from the observed energies of the
three known bands in Fig. 16. The alignment for the third
observed band is in close agreement with the alignment of
the third excited band predicted in the TPSM approach. In
the experimental work, the third band becomes lower in en-
ergy than that of yrare at higher spin.
The calculated B(E2) and B(M1) values for the excited
two bands in the studied Tl-isotopes are shown in Fig.17. It
is quite evident from the figure that transitions are very sim-
ilar for the two bands and may correspond to the excited chi-
ral pairs. For 194Tl, the measured values for few spin states
are in good agreement with the calculated values. Clearly,
further investigations are required to understand the excited
band structures in Tl-isotopes.
4 Summary and Conclusions
In the present work, the TPSM approach for odd-odd nu-
clei has been generalized to include two-neutron and two-
proton quasiparticle states coupled to the basic one-neutron
⊗ one-ptoton. This allows to investigate odd-odd nuclei be-
yond the first band crossing, which is delayed as compared
to even-even systems due to blocking of the orbitals by the
unpaired particles. In odd-odd 194−200Tl isotopes, high-spin
states have been observed beyond the first band crossing and
it has been proposed that the doublet bands observed in some
of these isotopes may be a result of chiral symmetry break-
ing mechanism.
The generalized TPSM approach has been employed
to investigate odd-odd 194−200Tl isotopes and it has been
shown that results are in fair agreement with the experi-
mental data, wherever available. The energy differences for
194,200Tl tend to drop with increasing spin and lends support
to the conjecture that this near degeneracy may be due to the
chiral symmetry breaking machanism. However, the results
of the transition probabilities, calculated using the TPSM
approach, deviate from those expected in the chiral symme-
try limit. It is, therefore, important to perform the lifetime
measurements of the doublet bands in order to ascertain the
true structure of these bands.
We would like to add that in a parallel effort [47,48,49],
TPSM approach has been extended to include more than
four-quasiparticles states and also K- and azimuthal- plots
have been proposed to probe the chiral nature of the doublet
bands. It would be quite interesting to extend such analysis
to the Tl-isotopes studied in the present work.
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